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Abstract
We study the shadow of rotating charge black holes in the presence of quintessence. The shadow
of a rotating black hole is a distorted circle and in our study, we find that the shape and size of the
black hole shadow depend upon four parameters, i.e., charge q, spin parameter a, quintessential
field parameter ωq and normalization factor c. The parameter ωq can take the value between −1 <
ωq < −1/3 and related with pressure p and density ρq by the equation of state p = ωqρq. We derive
the complete geodesic structure of photon near black hole using the Hamilton-Jacobi equation and
Carter constant separable method. We relate celestial coordinate to geodesics equation and plot
the contour of the black hole shadow for the case ωq = −2/3. We compare our results with the
standard Kerr-Newman black hole and find that for a fix value of a and q, the black hole shadow
decreases and get distorted with c. The area of the photon sphere is equal to the high-energy
absorption cross section due to the optical properties of the black hole. On the basis of this
assumption we calculate the energy emission rate of the black hole.
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I. INTRODUCTION
It is widely believed that the compact radio source Sagittarius A* (Sgr A*) is a strong
black hole candidate at the center of the milky way. The radio source Sgr A* is very bright
and hold mass about ∼ (4×106M⊙) [1, 2] . The apparent horizon of super massive black hole
candidate is the largest one of any other black hole candidate due to its large approximate
mass. The upcoming observations are providing strong evidence for the existence of black
hole horizons. In the near future the sub millimeter VLBI “Event Horizon Telescope”
(EHT) will be able to provide the images of the black hole shadow [3]. Although black
hole is completely dark inside the horizon, but light can escape from outside of the horizon
and the study of escaped light from the black hole horizon helpful to visualize its shadow.
Synge [4] was the first who studied shadow of the Schwarzschild black holes and after that
Luminet [5] constructed a simulated photograph of the shadow cast by Schwarzschild black
holes. Luminet [5] did his all calculations on the basis of geometrical optics approximation
and show apparent shape of black holes. The shadow cast by rotating black holes was first
discussed by Bardeen [6] and he showed a distorted image of the black hole shadow which
was due to the effect of the rotation parameter. Hioki and Medha studied shadow of Kerr
black holes by using corresponding observables in [7]. The possibility of finding the black
hole in front of a bright object is very small, so for the regular observation Ref. [8] and [9]
discussed the optical properties of black holes in the presence of plasma and concluded that
a bright photon ring appears around the black hole and it casts a very dim shadow [10].
The apparent shapes of the other rotating space time has been studied by several au-
thors e.g. Kerr-Newman [11], Einstein-Maxwell-Dilation-Axion [12], Kerr-Taub-NUT [13],
Brainerd [14], Kaluza-Klein rotating dilation [15], Non-Kerr [16], Konoplya-Zhidenko rotat-
ing non-Kerr [17], Sen [18], Kerr-Newman-Nut with cosmological constant [19]. The study
of rotating nonsingular black holes has been done by [20]. A co-ordinate independent study
of the black hole shadow discussed in [21]. The authors of [8] and [22] studied optical prop-
erties of Kerr and regular black holes in presence of plasma. The shadow of the Kerr black
hole with scalar hair and without scalar hair has been investigated by [23, 24]. This subject
extended to higher dimensional spacetime by several researchers [25–28]. The observational
electromagnetic spectrum will be able to provide a direct image of the black hole candidate
at galactic center and that will be helpful to study its shadow and other striking properties.
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We organized this paper as follows: In Sect. II we describe the metric of charge rotating
black hole in the presence of quintessence. In Sect. III we study the motion of a test particle
and derive its complete null geodesic equation near rotating charge black hole surrounded
with quintessence by using the Hamilton-Jacobi approach. For the better visualization of
the black hole shadow we calculate celestial coordinate observables in Sect. IV and plot the
contour of the black hole shadow. We estimate the energy emission rate of the rotating
charge black hole in the background of quintessence in Sect. V and in Sect. VI we conclude
our results.
II. CHARGE ROTATING BLACK HOLE WITH QUINTESSENCE
A. Non-Rotating charge black hole in quintessence
The metric of spherically symmetric static charge black hole in the presence of
quintessence is
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ2, (1)
with [29]
f(r) = 1− 2M
r
+
q2
r2
− c
r3ωq+1
, (2)
where M is the black hole mass, ωq is the quintessential field parameter and c is the nor-
malization factor. The density of quintessence matter is related to the normalization factor
ρq = − c
2
3ωq
r3(ωq + 1)
. (3)
The quintessence matter density is ρq > 0. Hence, the normalization factor has +ve values
(c > 0) for -ve values of state parameter (ωq < 0). The quintessential state parameter can
take values between the range of −1 < ωq < −13 and describes the properties of black hole
metric. For the values of ωq in between −1/3 < ωq < 0, the black hole metric is Ricci flat
and in this region the black hole metric has a de Sitter horizon which gives the explanation
of the expansion of the accelerating universe. When c = 0 the black hole metric reduces to
Reissner-Nordstrom spacetime.
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B. Rotating charge black hole in quintessence
The Kerr-Newman black hole metric in quintessence can be obtained by applying
Newman-Janis algorithm into the Reissner-Nordstrom black hole in quintessence. In the
Boyer-Lindquist co-ordinate the metric takes the form [30]
ds2 = −
(
1− 2Mr − q
2 + cr1−3ωq
Σ
)
dt2+
Σ
∆
dr2− 2asin
2θ(2Mr − q2 + cr1−3ωq)
Σ
dφdt+Σdθ2
+sin2θ
(
r2 + a2 + a2sin2θ
2Mr − q2 + cr1−3ωq
Σ
)
dφ2, (4)
where
∆ = r2 − 2Mr + a2 + q2 − cr1−3ωq , (5)
Σ2 = r2 + a2 cos2 θ. (6)
In the limit of c = 0 the black hole metric reduces to Kerr-Newman black hole and if q = 0,
the metric reduces to the general Kerr black hole.
III. NULL GEODESICS
The black hole shadow is a dark spot over the bright background which appears as a
distorted dark circle and in the absence of the spin parameter it takes the shape of a perfect
circle. The shape and size of the boundary of the shadow completly depend upon the
geometry of the black holes. In this section we study the complete geodesic structure of a
test particle around rotating charge black holes in quintessence. We adopt Hamilton-Jacobi
equation and Carter constant separable method [31] to study the complete geodesic equation
of motion. The separable method for Hamilton-Jacobi equation is originally shared by [32].
In our study, we consider a fixed value of the quintessential parameter ωq = −2/3 and for
this value the black hole metric is
ds2 = −
(
1− 2̺r
Σ
)
dt2 +
Σ
∆
dr2 − 4a̺r sin
2 θ
Σ
dφdt
+Σdθ2 + sin2 θ
(
r2 + a2 + a2 sin2 θ
2̺r
Σ
)
dφ2, (7)
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where
∆ = r2 − 2̺r + a2,
̺ = M +
c
2
r2 − q
2
2r
,
Σ = r2 + a2 cos2 θ.
The most general form of Hamilton-Jacobi equation can be read:
∂S
∂σ
= −1
2
gαβpαpβ, (8)
where pα = ∂S/∂x
α, and S is the Jacobean action. Now, we are taking a separable solution
for the Jacobi action S as
S =
1
2
m0
2σ − Et+ Lφ+ Sr(r) + Sθ(θ), (9)
where constants E and L are energy and angular momentum respectively. m0 is the mass
of the test particle, which is zero for the null geodesics or photon. In the black hole met-
ric (7) the coordinates t, φ are cyclic and corresponding to these cyclic coordinate two
conserved quantities E and L exist respectively. Using the variable separable method, we
obtain the complete equations of motion for photon around the rotating charge black hole
in quintessence, which takes the following form:
Σ
dt
dσ
=
r2 + a2
∆
[E(r2 + a2)− aL]− a(aE sin2 θ −L) , (10)
Σ
dr
dσ
=
√
R , (11)
Σ
dθ
dσ
=
√
Θ , (12)
Σ
dφ
dσ
=
a
∆
[E(r2 + a2)− aL]−
(
aE − L
sin2 θ
)
, (13)
where the expressions for R(r) and Θ(θ) in Eq. (11) and (12) takes the form
R(r) = [(r2 + a2)E − aL]2 −∆ [m02r2 + (aE − L)2 +K] , (14)
Θ(θ) = K −
[ L2
sin2 θ
− a2E2
]
cos2 θ , (15)
with separability Carter constant K. The dynamics of test particle around rotating charge
black hole in quintessence are completely determined by the equations (10)-(13). When
c = 0, these geodesic equations reduces to Kerr-Newman black hole. Now, we are going
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FIG. 1: Plots showing the variation of effective potential with horizon r, for diffrent values of q, a
and c.
to study the geometry of photon near a black hole for that, we are introducing two impact
parameters η and ξ, which takes form in terms of energy E , angular momentum L and carter
constant K as
ξ = L/E , η = K/E2, (16)
For photon case the Eq. (11) can be rewritten in terms of dimensionless quantities η and ξ:
R(r) = 1E2
[
(r2 + a2)− aξ]2 −∆ [(a− ξ)2 + η] . (17)
The apparent shape of the black hole is completely described by the boundary of its shadow
which is the circular photon orbits. In order to obtain the circular orbit of the photon it is
important to study the radial motion. One can rewrite the radial equation of motion (11)
as [12] (
dr
dτ
)2
+ Veff(r) = 0, (18)
where Veff is the effective potential for the black hole, which reads in terms of impact
parameters:
Veff =
1
Σ2
[
(r2 + a2)− aξ]2 −∆ [(a− ξ)2 + η] . (19)
We can achieve the most critical and unstable circular orbit by maximizing the effective
potential, which satisfies the condition
Veff =
∂Veff
∂r
= 0 or R = ∂R
∂r
= 0. (20)
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the effective potential can be maximized corresponding to the critical radius and one can
get the equations of impact parameter by maximizing the effective potential
ξ =
a2(r(2− 3cr) + 2M) + r (r(r(cr + 2)− 6M) + 4q2)
a(2M − r(3cr + 2)) , (21)
η = −
r2
(
8a2 (−cr3 − 2Mr + 2q2) + (r(r(cr + 2)− 6M) + 4q2)2
)
a2(r(3cr + 2)− 2M)2 . (22)
In principal the expressions of ξ and η in Eqs. (21) and (22) able to define complete apparent
shape of the black hole, which may refer to the standard Kerr-Newman black hole in the
absence of the quintessence field (c = 0)
ξ =
a2(M + r) + r (r(r − 3M) + 2q2)
a(M − r) (23)
η = −
r2
(
4a2 (q2 −Mr) + (r(r − 3M) + 2q2)2
)
a2(M − r)2 , (24)
and when q = 0, these impact parameters reduces for Kerr black hole.
IV. SHADOW OF THE BLACK HOLE
Next, we study the shadow of rotating charge black holes in quintessences. Null geodesics
that fall inside the black hole casts a black hole shadow. The incoming photons with large
angular momenta fall inside black hole and spots a dark circle which defines the black hole
shadow and photons with smaller angular momentum turns back on certain turning point
or scattered from the black hole and observed by an observer at infinity. Here, we are only
interested in the study of in falling null geodesics, which is better described by celestial
coordinates α and β
α = lim
r0→∞
(
−r20 sin θ0
dφ
dt
)
, (25)
β = lim
r0→∞
r20
dθ
dr
, (26)
where r0 is the distance between the black hole and far distance observer, θ0 is the inclination
angle between the z-axis of the black hole and line of sight from source to observer. Using
null geodesics equations, one can find out the relation between celestial coordinates and
constants η and ξ as
α = − ξ
sin θ
, (27)
β =
√
η + a2 cos2 θ − ξ2 cot2 θ . (28)
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FIG. 2: Shadow cast by rotating charge black holes for different values of q with a and c.
The Eqs. (27) and (28) shows the relation between celestial coordinate α, β to impact
parameter η and ξ. The celestial coordinates at equatorial plane (θ0 =π/2) reduces to
α = −ξ, (29)
β = ±√η. (30)
Now, the photon motion around the rotating charge black hole in quintessence is
parametrized by the conserved quantities ξ and η. For non-rotating (a = 0) case the shadow
of the black hole is the perfect circle instead of deformed circle and can be obtained from
the equation
α2 + β2 =
2r0 (−3c2r05 + 20cMr03 − 12cq2r02 − 12M2r0 + 8Mq2 + 4r03)
(r0(3cr0 + 2)− 2M)2 = R
2
s . (31)
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FIG. 3: Shadow cast by rotating charge black holes in quintessence for different values of c with a
and q .
The contour of the above equation traces shadow of the non-rotating charge black hole with
radius Rs. In rotating case a 6= 0, the celestial coordinate must follow the equation
α2+β2 =
a2(r0(2− 3cr0) + 2M)2 + 2r0 (−3c2r05 + 20cMr03 − 12cq2r02 − 12M2r0 + 8Mq2 + 4r03)
(r0(3cr0 + 2)− 2M)2
.
(32)
the contour of Eq. (32) for celestial coordinates α and β shows the shadow of the rotating
charge black hole in quintessence. The Eq. (32) reduces to Kerr-Newman black holes in the
limit of q = 0 and takes the form:
α2 + β2 =
a2(r0(2− 3cr0) + 2M)2 − 6c2r06 + 40cMr04 − 24M2r02 + 8r04
(r0(3cr0 + 2)− 2M)2 , (33)
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FIG. 4: Shadow cast by Kerr-Newman black holes in quintessence for different values of a with q
and c.
and also in the limit of c = 0 the Eq. (33) reduces to the Kerr black holes. In Fig. 2-4 we
plot the rotating charge black hole in quintessence. The black hole shadow depends upon
spin parameter a, normalization factor c and charge q. It is interestingly noted that the
black hole shadow gets decreases with the charge q and c. The black hole shadow gets more
and more distorted for the higher values of q and c.
It is important to introduce two observable to observe the shadow of rotating charge
black holes in quintessence. The study of these observable totally based on the geometry of
black hole shadow and gives the idea about distortion of the black hole. The first observable,
which is distortion parameter can be reads
δ =
d
Rs
, (34)
where d is the difference between the top most left position of the black hole shadow to the
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FIG. 6: Plots showing the variation of radius of black hole shadow Rs and distortion parameter δs
with charge q for different value of spin a.
reference circle with second observable Rs which is:
Rs =
(αt
2 − (αr)2) + βt2
2(αt − αr) , (35)
where αr and αt are the top most positions on the x-axis and βt is the topmost position on
y-axis where the reference circle passes (cf. Fig.5)). In Fig. 6 we plot the shadow radius Rs
for different values of charge q and we find the radius of the black hole shadow decreases for
higher values of charge q. In the study of distortion parameter δ we find out that it increases
monotonically for the higher values of charge q as shown in (cf. Fig. 6).
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FIG. 7: Plot showing the variation of energy emission rate with frequency ω for different values of
q, a and c.
V. ENERGY EMISSION RATE
For a far distant observer the high energy absorption cross section approaches to black
hole shadow. The absorption cross section of the black hole oscillates to a limiting constant
value σlim at very high energy. The limiting constant value is approximately equal to the
area of photon sphere, can be expressed as
σlim ≈ πR2s,
where Rs is the radius of the black hole shadow. The expression of the energy emission rate
of black hole reads [12, 33, 34]
d2E(ω)
dωdt
=
2π2σlim
expω/Trout − 1
ω3, (36)
where Trout is the Hawking temperature for the outer most horizon. The charge rotating
black holes obeys the first law of thermodynamics and by applying the first law we calculate
the black hole temperature, which is
T =
r2 − a2 − 3cr3 − q2
4πr (a2 + r2)
, (37)
and in the absence of quintessence field c = 0, the black hole temperature reduces to
T =
r2 − a2 − q2
4πr (a2 + r2)
, (38)
which is the temperature for the Kerr-Newman black holes. In Fig. 7 we plot the energy
emission rate with frequency ω for quintessential charge rotating black hole. In our study of
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energy emission rate, we find that the peak of Gaussian type plot get decreases for higher
values of charge q and c, which also shows that the area of the black hole shadow decreases
for higher values of q and c.
VI. CONCLUSION
Black holes are strong astronomical gravitational object and for better understanding of
gravity we have to test general relativity near black holes. Casting shadow is an interesting
property of the black hole and its direct observation can be useful for testing general rela-
tivity. In this article we studied shadow of charge rotating black holes in quintessence and
we compared all our results with Kerr-Newman black holes. In our study we have found,
for fixed values of the spin parameter the effective size of the quintessential charge rotat-
ing black hole is slightly smaller than the Kerr-Newman black hole. We also discussed the
energy emission rate for the black hole. The millimeter VLBI array developing astronom-
ical experiments and techniques to study the electromagnetic spectrum emission from the
galactic center. The Event Horizon Telescope will achieve (15 µas at 345 mhz) resolution
and Radio Astron mission will able to resolve (∼ 1-10 µas). The observational study of the
black hole shadow has started and very soon the first image of the black hole shadow will
be available. In the near future astronomical observations will provide better techniques to
study the images of the black hole shadow.
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